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DEDICATED TO THE MEMORY OF MAURICE AUSLANDER
Auslander announced the following result: if R is a complete local Gorenstein
ring then every finitely generated R-module has a minimal in the sense of
w  . x.Auslander and Smalù J. Algebra 66 1980 , 61]122 maximal Cohen]Macaulay
approximation. In this paper we give a non-commutative version of Auslander's
result and, in particular, show that if R is as above and if G is a finite group then
any finitely generated representation of G over R has a lifting to a representation
in a maximal Cohen]Macaulay module with properties analogous to those of
Auslander's approximations. When G is trivial, we recover Auslander's approxima-
tions. We use such a lifting to construct what we call generalized TeichmullerÈ
  ..invariants. These will be given by a canonical embedding of GL Zr p inton
Ã .  .GL Z for some m G n where p is a prime when n s 1, m will be 1, and wem p
 . Uget the usual Teichmuller section Zr p * ª Z . Our proof has three ingredients.È p
These are a version of Auslander and Buchweitz' result proving the existence of
w  .maximal Cohen]Macaulay approximations Mem. Soc. Math. France N.S. 38Â
 . x  .1989 , 5]37 , see Corollaries 5.4 and 6.4 , our result guaranteeing the existence of
wGorenstein injective envelopes E. Enochs et al., Covers and envelopes over
 . xGorenstein rings, Tsukuba J. Math. 20 1996 ; Theorem 6.1 and a duality for
non-commutative rings which generalizes Matlis duality. Q 1997 Academic Press
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1. MATLIS DUALIZING MODULES
DEFINITION 1.1. We will say that a ring R has a Matlis dualizing
 .  .module or that R admits Matlis duality if there is an R, R -bimodule E
such that E and E are both injective cogenerators and such that theR R
 .  .canonical maps R ª Hom E, E and R ª Hom E , E are bothR R R R R R
   ...bijections for example, the first map is r ¬ x ¬ xr .
If such an E exists it will be called a Matlis dualizing module for R.
¨  .When there is such an E, we let M denote the right left R-module
 .  .Hom M, E when M is a left right R-module. We say that M isR
 . ¨ ¨reflexive or Matlis reflexive if the canonical map M ª M is an
isomorphism.
 .¨  .¨  .¨  .¨Note that R ( E , R ( E, E ( R , and E ( R. So weR R R R R R R R
see that R and E are reflexive both as left and as right R-modules. Also
note that M ª M ¨ ¨ is an injective for any R-module since E and E areR R
injective cogenerators.
EXAMPLES. If R is a complete local ring with residue field k we get the
 .usual Matlis duality with E s E k .
If R is a quasi-Frobenius ring, then E s R is a Matlis dualizingR R
module for R.
If R is an almost maximal valuation ring with maximal ideal M and field
of quotients K, then E s KrM is a Matlis dualizing module for R.
If can be shown that any ring Morita equivalent to a ring admitting
Matlis duality also admits Matlis duality. If, for example, E is a Matlis
 .  .dualizing module for R, M E is dualizing for M R .n n
LEMMA 1.2. If R admits Matlis duality and 0 ª M9 ª M ª M0 ª 0 is
an exact sequence of left or right R-modules, then M is reflexi¨ e if and only if
M9 and M0 are reflexi¨ e.
Proof. We have the commutative diagram
0 ª M9 ª M ª M0 ª 0
x x x
¨ ¨ ¨ ¨¨ ¨0 ª M9 ª M ª M0 ª 0 .  .
with exact rows and the vertical maps all injective. The snake lemma then
gives the desired resolution.
From this lemma we get that when R admits Matlis duality all finitely
generated modules are reflexive. Also we see that there is an obvious
correspondence between submodules of M and quotient modules of M ¨
 ¨ ¨ .if S ; M, the corresponding quotient is given by the surjective M ª S .
From this it follows that R is noetherian if and only if E is artinian. InR R
 .nthis case, since any artinian right R-module A can be embedded in ER
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 n.¨ n ¨for some n, any such A is reflexive. Since E ( R , we have A isR R
finitely generated. So we can get the usual formulation of Matlis duality.
There is a corresponding result when R is noetherian.R
Note that if R is left and right noetherian, then a left or right R-module
¨  w x.F is flat if and only if F is injective see Ishikawa 8 .
PROPOSITION 1.3. If R admits Matlis duality with Matlis dualizing module
E and if G is a finite group, then the group algebra RG admits Matlis duality
with dualizing module RG m E.R
 .Proof. RG m E s E will have the obvious RG, RG -bimodule struc-R
 .ture. Since it is easy to see that RG m E ( Hom RG, E , E will beR R
injective as a left and as a right RG-module. If M / 0 is a left RG-mod-
ule, then
Hom M , RG m E ( Hom M , Hom RG, E .  . .RG R RG R
( Hom M , E / 0 .R
 .  .since E is an injective cogenerator . Hence E and similarly E areR RG RG
injective cogenerators. But then with E as a left RG-module we get
Hom E, E s Hom RG m E, RG m E . .RG RG R
( Hom E, RG m E ( RG m Hom E, E .  .R R R
( RG m R ( RG.R
With a similar argument concerning E as a right RG-module, we see
that E is a Matlis dualizing module for RG.
2. GORENSTEIN RINGS AND GORENSTEIN INJECTIVE
AND PROJECTIVE MODULES
 w x.DEFINITION 2.1 Iwanaga 9 . A ring R is said to be n-Gorenstein if
R and R are each noetherian and each of injective dimension at most n.R R
R is said to be Gorenstein if it is n-Gorenstein for some n.
We will use one of Iwanaga's results.
 w x.THEOREM 2.2 Iwanaga 9 . If R is n-Gorenstein and L is a left R-mod-
ule, then the following are equi¨ alent:
 .a id. dim L - `
 .b id. dim L F n
 .c proj. dim L - `
 .d proj. dim L F n
 .e fl. dim L - `
 .f fl. dim L F n.
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 .  .  .  .  .  .  .Iwanaga gives the equivalence of a , b , c , and d . But c « f « e
is trivial. Since R has injective dimensions at most n, we get by LazardR
that every flat left R-module has injective dimension at most n. Hence
 .  .e « a .
If R is Gorenstein we will consistently let L denote the class of left
R-modules of finite injective dimensions. We let L 9 denote the corre-
sponding class of right R-modules.
PROPOSITION 2.3. If R is a Gorenstein ring admitting Matlis duality then if
L is a left R-module, L g L if and only if L¨ g L 9.
Proof. If L g L then proj. dim L - `. Then taking the dual of a
projective resolution of L of finite length we see that id. dim L¨ - `. If
conversely L¨ g L 9 then we get L¨ ¨ g L . But L ; L¨ ¨ is a pure submod-
w x .ule 11 , slightly modified . Hence we only need
LEMMA 2.4. If R is a left noetherian ring and S ; M is a pure submodule
of a left R-module M, then id. dim S F id. dim M.
Proof. If id. dim M s `, there is nothing to prove. So assume
id. dim M F n. Recall that by the generalized Baer criterion, id. dim M F n
nq1 .if and only if Ext RrI, M s 0 for all left ideals I ; R. Given I, let
R
0 ª T ª P ª ??? ª P ª ª 0n 0 I
be exact with P , . . . , P finitely generated projective modules. Then0 n
nq1 .  .  .Ext RrI, M s 0 means Hom P , M ª Hom T , M ª 0 is exact.n
Since S ; L is pure, any linear T ª S which has an extension P ª Mn
 .already has an extension P ª S. This implies that Hom P , S ªn n
 . nq1 .Hom T , S ª 0 is exact and so that Ext RrI, S s 0 for all such I.
Hence id. dim S F n.
w xDEFINITION 2.5 6 . A left R-module C is said to be Gorenstein
projective if there is an exact sequence
??? ª Py1 ª P 0 ª P1 ª P 2 ª ???
 0 1.of left R-modules with C s Ker P ª P and which is left exact by any
 .Hom ], P when P is a projective left R-module.R
w x iWe note that in 6 , C and all P 's were required to be finitely
generated. In this paper our concern will be finitely generated Gorenstein
projective modules and we will assume all P i's finitely generated when C
is finitely generated.
DEFINITION 2.6. A left R-module K is said to be Gorenstein injective if
there is an exact sequence
??? ª Ey2 ª Ey1 ª E0 ª E1 ª E2 ª ???
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 0 1.of injective left R-modules such that K s Ker E ª E and such that
 .Hom E, ] leaves the sequence exact whenever E is an injective left
R-module.
EXAMPLES. Projective modules are Gorenstein projective and injective
modules are Gorenstein injective. If R is a regular ring i.e., noetherian on
.either side and of finite global dimension then these are the only Goren-
stein projective and injective modules.
If G is a finite group, then a left RG-module is Gorenstein projective
 .injective if and only if it is such as an R-module. For example, a
 .ZG-module is Gorenstein projective injective if and only if it is a free
 .  w xdivisible Z-module see Theorem 4.11 of 7 for the result concerning
Gorenstein injective modules; the argument concerning Gorenstein projec-
.tive modules is similar .
If R is a commutative local Gorenstein ring, then a finitely generated
R-module C is Gorenstein projective if and only if it is maximal
 w x.Cohen]Macaulay see Chap. 3, Propositions 3 and 8 of 2 .
If R is a ring and F is any class of left R-modules, left F H be the class
1 . Hof left R-modules N such that Ext F, N s 0 for all F g F. Let F
1 .consist of all left R-modules M such that Ext M, F s 0 for all F g F.
If R is a Gorenstein ring then H L s C is the class of Gorenstein
projective modules and C Hs L . Similarly L Hs K is the class of Goren-
H  w x.stein injective modules and K s L see 7 .
Note that if R also has finite global dimension, then L is the class of all
left R-modules. Hence this shows that the Gorenstein projective modules
are just the projective modules. Similarly the Gorenstein injective modules
are the injective modules.
If R is n-Gorenstein the next result guarantees a plentiful supply of
Gorenstein injective and projective modules over R.
 .PROPOSITION 2.7. If R is an n-Gorenstein then a left or right R-module
K is Gorenstein injecti¨ e if and only if there is an exact sequence
Eyn ª ??? ª Ey2 ª Ey1 ª K ª 0
y1 yn with E , . . . , E injecti¨ e left R-modules. If C is a finitely generated left or
.right R-module then C is Gorenstein projecti¨ e if and only if there is an exact
sequence
0 ª C ª P 0 ª ??? ª P ny1
with P 0, . . . , P n finitely generated projecti¨ e R-modules.
w xProof. See Proposition 4.4 of 7 for the result concerning Gorenstein
injective modules. A dual argument gives the result for Gorenstein projec-
tive modules.
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PROPOSITION 2.8. If R is a Gorenstein ring with a Matlis dualizing module
E then a finitely generated left or right R-module C is Gorenstein projecti¨ e if
and only if C ¨ is Gorenstein injecti¨ e. An artinian left or right R-module A is
Gorenstein injecti¨ e if and only if A¨ is Gorenstein projecti¨ e.
Proof. If C is a Gorenstein projective left R-module and 0 ª C ª
P 0 ª ??? ª P ny1 is as in the preceding, taking duals we see that C ¨ is
Gorenstein injective.
Conversely suppose C ¨ is Gorenstein injective. Then there is an exact
sequence
Eyn ª ??? ª Ey1 ª C ¨ ª 0
yi  yi .¨as above. If each E is artinian, then the dual E is flat and finitely
generated and so projective. Hence we would get C ¨ ¨ ( C Gorenstein
projective.
w xIn 5 it was shown that the sequence above can be chosen so that
y1 ¨ y2  y1 ¨ . yn  ynq1 ynq2 .E ª E , E ª Ker E ª C , . . . , E ª Ker E ª E
are injective covers.
Hence it suffices to argue that in our situation, the injective cover
E ª A of an artinian module is artinian. Taking the duals we get A¨ ª E¨
with E¨ flat and A¨ finitely generated. By Lazard, there is a factorization
A¨ ª P ª E¨ with P finitely generated and projective. Taking duals again
we get E¨ ¨ ª P ¨ ª A¨ ¨ s A and using E ª E¨ ¨ we get a factorization
E ª P ¨ ª A. Since P ¨ is injective, P ¨ ª A is an injective precover. Since
E ª A is a cover, E is isomorphic to a direct summand of the artinian P ¨
and so E is artinian.
The argument then that for an artinian A, A is Gorenstein injective if
¨and only if A is Gorenstein projective is similar.
Remark. Using the above, it is not hard to show that if R is a
 .commutative local Gorenstein ring but not necessarily complete then an
artinian R-module A is Gorenstein injective if and only if for some
 .equivalently all maximal R-sequences r , . . . , r there is an exact se-1 n
quence
riq1 60 ª A ª A A ª 0iq1 i i
with i s 0, 1, . . . , n y 1 and A s A. Of course, this is just the dual of the0
maximal Cohen]Macaulay property. In fact any Gorenstein injective mod-
ule over such a ring will admit such a sequence, but if the module is not
artinian it still may fail to be Gorenstein injective. However, if the Krull
dimension of R is 1, this property characterizes the Gorenstein injective
modules over R.
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3. THE MAIN THEOREM
w xDEFINITION 3.1 5 . If F is a class of left R-modules, a linear f : F ª M
with F and M left R-modules and with F g F is said to be an F-precover
 .  .of M if Hom F9, F ª Hom F, M ª 0 is exact for all F9 g F. If, more-
over, any f : F ª F such that f ( f s f is an automorphism of F then
f : F ª M is said to be an F-cover of M.
 .  .Note that if f : F ª M is a pre cover then so is F ª f F . If F-covers
exist, they are unique up to isomorphism. If f : F ª M is an F-precover
and f9: F9 ª M is an F-precover, then any f : F ª F9 such that f9( f s
f is an injection and admits a retraction. F-envelopes and preenvelopes
are defined dually.
 .If F is the class of flat modules an F-cover or precover etc. is called a
 .flat cover or precover etc. . We follow this convention with other classes
of modules having a name.
The next result is one of the essential ingredients of our main theorem.
 w x.THEOREM 3.2 see Theorem 6.1 of 7 . If R is a Gorenstein ring then
 .e¨ery R-module left or right has a Gorenstein injecti¨ e en¨elope.
We note a Gorenstein injective envelope M ª K is necessarily an
injection. This is true since injective modules are Gorenstein injective and
since there exists an injective K ª E with E injective. A Gorenstein
injective envelope M ª K over a Gorenstein ring is in fact an injective
envelope if and only if M g L . We now give the version of Auslander and
w xBuchweitz's Corollary 5.3 in 3 that we will use.
PROPOSITION 3.3. If R is an n-Gorenstein ring and M is a finitely
generated left R-module, then there exists an exact sequence
0 ª L ª C ª M ª 0
with C a finitely generated Gorenstein projecti¨ e module and proj. dim L F
n y 1.
Proof. Let 0 ª D ª P ª ??? ª P ª M ª 0 be an exact se-ny1 0
quence with P , . . . , P finitely generated projective modules. Then by0 ny1
Proposition 2.7, D is Gorenstein projective. So by the definition of a
Gorenstein projective module there exists an exact sequence
0 ª D ª P 0 ª ??? ª P ny1 ª C ª 0
with P 0, . . . , P ny1 finitely generated projective modules and C Gorenstein
 .projective and such that Hom ], P leaves the sequence exact whenever P
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is projective. But this implies that we an construct a commutative diagram
0 ª D ª P 0 ª ??? ª P ny1 ª C ª 0
5 x x x
0 ª D ª P ª ??? ª P ª M ª 0ny1 0
From this diagram, thought of as a double complex, we form the exact
sequence
0 ª D ª P 0 [ D ª ??? ª P ny1 [ P ª C [ P ª M ª 0.1 0
If we go modulo the exact subcomplex 0 ª D ª D ª 0 we get the exact
sequence
0 ª P 0 ª ??? ª P ny1 [ P ª C [ P ª M ª 0.1 0
Then if 0 ª L ª C [ P ª M ª 0 is exact, we see that proj. dim L F0
n y 1. C [ P is Gorenstein projective since C is Gorenstein projective0
and P is projective.0
Note that if n s 1, then L will be projective. If n s 0 i.e., R is
.quasi-Frobenius then all modules are Gorenstein projective and we can
take L s 0.
THEOREM 3.4. If R is a Gorenstein ring with a Matlis dualizing module
then e¨ery finitely generated left or right R-module M has a Gorenstein
projecti¨ e co¨er C ª M. When C ª M is such a co¨er, C is finitely generated.
Proof. Let M be a finitely generated left R-module. By Proposition 3.3
we see that there is an exact sequence 0 ª L ª D ª M ª 0 with L g L
and D a finitely generated Gorenstein projective left R-module. We then
get the exact sequence
0 ª M ¨ ª D¨ ª L¨ ª 0
¨  . ¨with D Gorenstein injective and artinian by Proposition 2.8 and L g L 9
by Proposition 2.3. But then if K is a Gorenstein injective right R-module
1 ¨ .  ¨ .  ¨ .Ext L , K s 0 and so Hom D , K ª Hom M , K ª 0 is exact. Hence
M ¨ ª D¨ is a Gorenstein injective preenvelope. Since M ¨ has a Goren-
¨  .stein injective envelope M ª K necessarily injective we get that K is a
direct summand of D¨ and that KrM ¨ is a summand of L¨, so KrM ¨ g L 9
and K is artinian. Since K is artinian it is reflexive. Taking duals we get
the exact sequence
¨¨ ¨ ¨ ¨0 ª KrM ª K ª M s M ª 0 .  .
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 ¨ .¨ ¨ ¨with KrM g L and K Gorenstein projective. Hence easily K ª M
is a Gorenstein projective precover. But K ¨ is reflexive and M ¨ ª K ¨ ¨ s
K is an envelope and so in fact K ¨ ª M is a Gorenstein projective cover
with K ¨ finitely generated.
If R is a commutative, complete, Gorenstein local ring and C ª M is
the Gorenstein projective cover of the finitely generated left R-module M,
then as noted earlier, C is a maximal Cohen]Macaulay module and in fact
C ª M is, in Auslander's language, a minimal maximal Cohen]Macaulay
approximation.
If G is a finite group and R is a ring, then RG is n-Gorenstein if and
only if R is n-Gorenstein. If RG is Gorenstein, then an RG-module C is
Gorenstein projective if and only if C is Gorenstein projective as an
R-module when we restrict scalars.
So if R is a commutative, complete, local Gorenstein ring and M a
finitely generated left RG-module with G a finite group, then if C ª M is
the Gorenstein projective cover, C is in fact a finitely generated maximal
Cohen]Macaulay R-module.
w xWe note that a special case of this form of our result was proved in 7 .
There R was taken to be a complete, discrete valuation domain.
È4. GENERALIZED TEICHMULLER INVARIANTS
If p g Z is a prime, the canonical homomorphism
ÃU Ã ÃZ ª Z rpZ * ( Zr p * . . /p p p
 .with R* designating the group of units of the ring R has a unique section
Ã .this section gives the Teichmuller invariants in Z . Otherwise stated, theÈ p
canonical homomorphism
ÃGL Z ª GL Zr p . . /n p n
has a section when n s 1. However, for n ) 1, the homomorphism does
not have a section except in the case n s p s 2 and possibly in the cases
 w x.n s 2, p s 3 and n s 3, p s 2 see Sah 10, p. 22 . In this section we
propose a candidate for what we call the generalized Teichmuller invari-È
ants. Given n and p, we show that under certain natural stipulations there
  ..is a uniquely determined m and a homomorphism GL Zr p ªn
Ã Ã .  .GL Z which is unique up to conjugation in GL Z and which is them p m p
 .unique section mentioned above when n s 1 so m s 1 in this case .
  ..Now we let n G 1, let p g Z be a prime, and let G s GL Zr p . Letn
n Ã  ..M s Zr p be the Z G-module with G acting on the elements of Mp
 .thought of as column vectors by matrix multiplication.
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Let C ª M be a Gorenstein projective cover of M. Then C is finitely
Ã Ãgenerated and free as a Z -module. Let the rank of C as a Z -module bep p
Ã m Ã m .   ..  .m, so C ( Z . Then the action of G s GL Zr p on C ( Zp n p
Ã  ..  .gives a homomorphism GL Zr p ª GL Z .n m p
DEFINITION 4.1. The homomorphism above is called a TeichmullerÈ
  ..homomorphism for GL Zr p .n
Since covers are unique up to isomorphism, it is immediate that the m
  ..above is uniquely determined and that the homomorphism GL Zr p ªn
Ã Ã .  .GL Z is unique up to conjugation in GL Z .m p m p
Ã  ..  .It is easy but awkward to give the definition of GL Zr p ª GL Zn m p
in terms of matrices.
Using the notation above we have:
PROPOSITION 4.2. If n s 1 then m s 1 and the homomorphism
Ã Ã  ..  .  .   ..GL Zr p ª GL Z is a section for GL Z ª GL Zr p .1 1 p 1 p 1
Ã ÃU  ..   ..  .Proof. Let s : GL Zr p s Zr p * ª GL Z s Z be the unique1 1 p p
Ã .   ..section for GL Z ª GL Zr p . We use this section to make Z into1 p 1 p
Ã   ..a left Z GL Zr p -module.p 1
Ã<   .. <Then since GL Zr p s p y 1 is invertible in Z it is easy to see1 p
Ã Ã   .. that Z is a projective Z GL Zr p -module and so Gorenstein projec-p p 1
Ã Ã.  .  .tive . Then pZ s p is also projective. And so Z ª Zr p is quicklyp
seen to be a Gorenstein projective cover. This shows that when n s 1 we
recover the usual Teichmuller invariants.È
 .We let p g Z be a fixed prime. Given n G 1, let s n be m as above.
n
1 / .   . .2PROPOSITION 4.3. s n G p for all n G 1 note that s 0 .2
Ã m n .   ..Proof. We let Z ª Zr p be a Gorenstein projective coverp
n Ã  ..   ..of Zr p as a Z GL Zr p -module as in Section 3. Let 0 ª P ªp 1
Ã m n .   ..Z ª Zr p ª 0 be exact. Then by Proposition 3.3, P is a projec-p
 .tive module recall that every cover is a direct summand of every precover .
  ..Let H ; GL Zr p consist of all upper triangular matrices with 1's onn
n
1q2q ??? qny1  /< < 2the diagonal. Then H s p s p and so H is a Sylow p-sub-
group of GL .n
n Ã  ..Since Zr p is a torsion Z -module, P / 0. By restriction of scalars,p
Ã ÃP is a projective Z H-module. Since H is a p-group, Z H is a local ringp p
Ãand so the projective Z H-module P / 0 is free. Hence the rank of P as ap
n n /  /Ã < < 2 2Z -module is a multiple of H s p . Hence m G p .p
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 .  .Remark. If n s 1, then s n s 1, i.e., s n s n. If n G 2, then by the
Ã .  .above s n ) n except perhaps when p s n s 2. In this case GL Z ª2 p
0 1  ..   ..  .GL Zr 2 has a section. Note that GL Zr 2 ( S with of order 3,2 2 3 1 1
0 1 0 y1 0 1Ã .  .  .  .or order 2. But also a s g GL Z has order 3 and b s2 p1 0 1 y1 1 0
Ã 2 .g GL Z is an element of order 2 such that aba s b , so the map above2 p
 .  .has a section. However when p s 2, s 2 / 2. For assume s 2 s 2.
2 Ã 2  ..  .Then Zr 2 has a Gorenstein projective cover of the form Z ª2
2 Ã 2 Ã 2  ..  .  .Zr 2 . But then the kernel is 2 Z and is projective and so Z itself2 2
Ã  .is a projective Z GL Zr2 -module. But then giving modulo 2, there2 1
 .   ..   ..2would be a projective Zr 2 GL Zr 2 module of the form Zr 2 . A1
straightforward calculation shows that this is not possible.
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